n-1- Get@FileNameJoin@{NotebookDirectory[], "MarcosFieldEquations.m"};

Marco's field equations

Connection to Part lll project |These calculations are designed for your Part
Il project. Throughout, commentary takes the
form of green text. Citations, where needed,
will be managed by direct reference to arXiv
numbers. One exception is the source referred
to throughout as "Blagojevic¢'; this pertains to
the book " Gravitation and Gauge Symmetries'.

Loading HiGGS and GeoHiGGS

For these calculations, we will use the HiGGS and GeoHiGGS packages. Note that GeoHiGGS was not

developed for public release, and so is not documented. The versions of HiGGS and GeoHiGGS used for
the computations here are both developer-only, and so we include copies of the sources with the
tarball.

Package xAct' xPerm® version 1.2.3, {2015, 8, 23}
CopyRight (C) 2003-2020, Jose M. Martin-Garcia, under the General Public License.
Connecting to external linux executable...

Connection established.

Package xAct xTensor® version 1.2.0, {2021, 10, 17}

CopyRight (C) 2002-2021, Jose M. Martin-Garcia, under the General Public License.

Package xAct ' xPert® version 1.0.6, {2018, 2, 28}

CopyRight (C) 2005-2020, David Brizuela, Jose M. Martin-Garcia

and Guillermo A. Mena Marugan, under the General Public License.
+»* Variable $PrePrint assigned value ScreenDollarIndices
++ Variable $CovDFormat changed from Prefix to Postfix
** Option AllowUpperDerivatives of ContractMetric changed from False to True
*» Option MetricOn of MakeRule changed from None to All

x+ Option ContractMetrics of MakeRule changed from False to True

Package xAct Invar® version 2.0.5, {2013, 7, 1}
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CopyRight (C) 2006-2020, J. M. Martin-Garcia,

D. Yllanes and R. Portugal, under the General Public License.
x»* DefConstantSymbol: Defining constant symbol sigma.
+«» DefConstantSymbol: Defining constant symbol dim.
*»+ Option CurvatureRelations of DefCovD changed from True to False

*»* Variable $CommuteCovDsOnScalars changed from True to False

Package xAct xCoba® version 0.8.6, {2021, 2, 28}

CopyRight (C) 2005-2021, David Yllanes and

Jose M. Martin-Garcia, under the General Public License.

Package xAct'SymManipulator® version 0.9.5, {2021, 9, 14}

CopyRight (C) 2011-2021, Thomas Backdahl, under the General Public License.

Package xAct xTras® version 1.4.2, {2014, 10, 30}
CopyRight (C) 2012-2014, Teake Nutma, under the General Public License.
*»* Variable $CovDFormat changed from Postfix to Prefix

*»* Option CurvatureRelations of DefCovD changed from False to True

Package xAct'HiGGS® version 2.0.0-developer, {2023, 3, 7}

CopyRight © 2022, Will E. V. Barker and Manuel Hohmann, under the General Public License.

HiGGS dincorporates code by Cyril Pitrou.

Package xAct TexAct® version 0.4.3, {2021, 10, 28}

CopyRight (C) 2008-2021, Thomas Backdahl, Jose M.

Martin-Garcia and Barry Wardell, under the General Public License.

Package xAct FieldsX  version 1.1.4, {2021, 8, 26}
Copyright © 2019-2021 Markus B. Frob under the GNU General Public License.

FieldsX uses the Multisets package ©

2011 David Bevan under the Wolfram Library Archive License.

*»* Variable $CommuteCovDsOnScalars changed from False to True
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Package xAct GeoHiGGS®™ version 1.0.0-developer, {2023, 3, 13}

CopyRight © 2022, Will E. V. Barker, under the General Public License.

These packages come with ABSOLUTELY NO WARRANTY; for details type
Disclaimer[]. This is free software, and you are welcome to redistribute

it under certain conditions. See the General Public License for details.

All the requisite packages have now been loaded, so we can proceed with the computations.

1. Deriving the field equations

HIiGGS is designed to study the full ten-parameter Poincaré gauge theory, including nine extra parame-

ters which activate various Lagrange multipliers as defined in arXiv:2205.13534. As a first step, we
define the most general case of the set of theories we are interested in by constructing a rule which
constrains the Lagrangian couplings.

+»+ DefConstantSymbol: Defining constant symbol MP1.

{cAz. -0, &. -0, CAl. -0, cAt. -0, &. - 0,Mp|2 B.> 0,Mp[2 B.> 0,Mp|2 B.-0,
1 2 3 4 6 1 2 3 (1)
a.-»0,a.-0,a -0,a.-0,a.-0,a.-0, Mp?B. >0, MpiB. —>0,Mp12/§.—>0}
1 2 3 4 5 6 1 2 3

These rules are used to disable most of the coupling in the general theory. The couplings which are not
suppressed are those which appear in the Lagrangian. Specifically the fifth alpha-hat coupling, which
mediates the quadratic Riemann-Cartan-Maxwell invariant. These remaining couplings will appear in
the equations below.

The generalised momenta

Having done this, we define the generalised momenta associated with this subset of multiplier-con-
strained Poincaré gauge theory. These quantities are defined on p. 50 of Blagojevi¢.

» DefTensor: Defining tensor BGPi[-1i, k, 1].
+ DefTensor: Defining tensor AGPi[-i, -j, k, 1].

The translational generalised momenta.

" (2)

The rotational generalised momenta.

T(‘ﬂijhl (4)
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Mol 5 6! TN+ Mo 6" 6/ TN-2a. 6/ TN R +
20. 6" TN R +2a. ' TN R™ —2a. 6" TN R +
5 ia 5 i j a 5 i j a
20. ' TN R® —2a. 6! TN R® —2a. 6" TN R +2a. 6" TN R®
5 ia 5 i ja 5 ia 5 i ja

These generalised momenta are obtained from the Lagrangian represented in Eq. (4) of arX-
iv:2205.13534, with most of the coupling constants set to zero as per the above restrictions. Note that
this Lagrangian differs from the most general Lagrangian represented in Blagojevic by the use of so-
called geometric multiplier fields. These are multipliers which can disable all of the Riemann-Cartan or
torsion tensors, but which may typically only be used piecemeal to disable select portions of said
tensors. Itis this latter use-case which we reaslise in our letter, disabling only the tensor part of the
torsion.

Another note to be made here is about the caligraphic J and N symbols. Their appearance is an unfortu-
nate side-effect of recycling the Hamiltonian-based HiGGS package to work on Lagrangian problems:
these quantities are the measure on the foliation and the Lapse function, respectively, and their prod-
uct is simply the determinant of the translational gauge field, (which is equivalent to the square root of
the negative metric determinant).

The stress-energy tensor

Define the stress-energy tensor equation. In general, we will refer to an ~equation' as an xTensor
expression which we understand to vanish on the shell, accordingly we do not always make the equal-
ity explicit.

In terms of the generalised momenta, the Riemann-Cartan curvature, the torsion, and the gauge fields,
and also in terms of projection operators which are used to define the various quadratic invariants, the
left hand side of the stress-energy equation as expressed in the first line of Eq. (3.24b) on page 50 of
Blagojevic is as follows.

' 1 ) 1 )
_‘ﬂijm n-thl hhn hlm _EMPIZ yjh ylm hin jN ﬁjlhm_a lTy(hlmj hln R "

hlim

" on N jhlmpqux "o A jhimpowx
aihi jN}pR R R +a§hi jngR R

jhlm pQWX R

jhlm powx w

A A A A
n jhlmpqux n jhlmpqux
ozéhi TN 3p, Rim R +a‘.‘hi TN ap,

jhlm pQuX R

jhlm ?pqwx W

A A A A
n jhlmpqux n jhlmpqux
a. ! TN sp, Rinm Roque + @ 1" TN sp,

jhlm pqwx

Rim R

jam pqux T

R A jhlmpqux = 0 N jhlmpgux
ai hi JN }PR quwx Aﬂjhlm-'-aé hi JN ?qu quwx Athlm+

- Wl A jhimpqux — .n A jhlmpqux
aé h, IN 3P, R Aqgjhlm + Ct‘.1 h, IN “Pr R o /\qgjhlm + (6)

pquwx

Rl n
pqWX jhlm pqWX /\thlm - T hl Tjih i

- @ A jhimpqux — .n * o jhlmpqux
(1é h, IN Pp R Ag +Clé h, IN Py R
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Mp ﬁi hin TN }q;(rjhlmpq T T + Mo Bﬁ hin TN ?qg(rjhlmpq Tt T g *+

_ Akl = Akl
MPI2 ﬁi hin JN ?pTJ mpq Tmpq A'?"J-hl +MPI2 Bé hin jN ?P{rl mpq Tmpq /\Tjhl -

W R oty + T n hP R G, + TS " n A G,

We now impose the restriction on the coupling constants to go over to the most general case studied,
and then we expand the projection operators and the generalised momenta. We subtract the right
hand side, i.e. the (asymmetric) matter stress-energy tensor, to form the stress-energy equation.

N l A N A
a 2 40 ko, 2,0 ok jn bl mo_ n ikl m
Mol W R 4 Mo ! R w20 K" RIRT —ant RN R,

J 2a. 4" R" R -
5

Im j lm ik

r )

Do oAl o om o~ i okl o om S n okl om _
Zaéh Rih R1;m Zaéh Rji ?1 hm+a;3hi ?j RI hm+J_N__

This equation is nearly ready to use, but the (asymmetric) stress-energy tensor of matter first needs
some attention. This is because it still depends on the contorsion, and later on in the analysis we will
need to refer only to the metric-based part, from which the symmetric Einstein stress-energy tensor is
eventually derived. Before moving on to the spin equations therefore, we will explore this matter.

Define the contorsion tensor to have strictly two anholonomic indices and a holonomic index, in line
with its interpretation as a part of the connection. This is recovered through Eq. (3.32b) on p. 57 of
Blagojevi¢, with comparisons with Eq (3.46) on p. 61, and checks against the methods used on p. 67.
Great care must be taken when attempting to achieve this index configuration using contractions of the
HiGGS anholonomic torsion tensor with the translational gauge field and inverse:

+ DefTensor: Defining tensor Contorsion[i, j, -m].

% (8)

m

m *]

Ebu Tij_ibo 7-ij +Ebu 7-ji (9)
2 m Q 2 2 m Q

Now in HiGGS we are used to using the following stress-energy tensor.

m

L (10)

But this tensor, the (negative) variational derivative of the matter Lagrangian (density) as defined in Eq.
(3.21) on p. 48 of Blagojevic, still depends on the rotational gauge field. In the second order formalism,
this means that it will depend both on the Ricci rotation coefficients and on the contorsion.

We now define the part which depends only on the Ricci rotation coefficients.
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» DefTensor: Defining tensor TorsionlessTau[-1, -j].

To understand how the contorsion dependency enters in, we look at Eq. (3.75b) on p. 66 of Blagojevic.
This separated Lagrangian is varied with respect to the translational gauge field, in such a way that the
Ricci rotation coefficients and contorsion are held constant (they must have two Roman and one Greek
index, so that they algebraically inherit the role of the rotational gauge field). The variation of the first
term will give us the above quantity, which can then be expressed in terms of the Einstein tensor using
the methods of p. 67 (we do this later).

The variation of the second term rests entirely on the variation of the spin tensor. This is rather suspi-
cious, since it means that the details of the spin tensor of matter have a say in whether we can recover
the second order formalism at all. However to proceed, we look to the Dirac matter spin tensorin
Example 2 at the end of p. 49 of Blagojevi¢. We define a (Lorentz) quantity which is truly independent of
the gravitational variables, being composed of Grassmann numbers and (indexed) generators of the
Clifford algebra.

« DefTensor: Defining tensor SigmaRoman[i, -j, -k].

X‘jh (11)

Now the spin tensor is defined as follows.

a‘jh (12)

K TN Xy, (13)

The whole of the correction to the second order matter Lagrangian density now takes the following

form.
: xUg" 14
1 N
B K™ TN X, (15)

Now we remind ourselves about the derivatives with respect to the translational gauge field of some
quantities.

The lapse function.

N (16)

! b
RN n, n onp,, (17)

The spatial measure.
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T (18)
huo' jambuuv _ hau' j nn nb ambbov (19)
The inverse gauge field.

n" (20)

~1"" hE Onby, (21)

Now that the dependence of the contorsion correction to the second-order Lagrangian on the transla-
tional gauge field has been made clear, we can use the above derivative laws to reconstruct the varia-
tional derivative of the correction.

1 1 .
i atn
TP SR STV (22)
1 mai 1 ai m na' 1 min 1 ai m na' m
SO Tat g b A O Ty 0 Typt o b0 AT 0" T T @) (23)

We are now ready to write a rule which converts the usual HiGGS stress-energy tensor into torsion-free
and torsionful parts.

o (24)
1 aa' m bb' maaq' 1 a0’ m bb' 1 maa' m 25
20 " 0. T~ 0 T o 3 b h" 0. T " ° T hoa * T(D)", (25)

Now we will also write a rule to invert this.

++ MakeQuotientRule: canonicalised expression with tensor substituted by rule:

0
T(a)", (26)
E aa’' m bb' ~ _maa' E aa’ m bb' E maa’ m 27
_4 b hh g, Tnbb w Tnhu‘ - 2 b hh g, 7~bub‘ w7 4 g 7-'huu' LN (27)

Now the second order formalism " splitting' of the stress-energy current is understood, we will * split'
the stress-energy equation.

. 1 A . A
_ 2,00 ok T 2,0 ok in okl mo_ n bl oM
Mp” h R.ih+2Mp| hi th+2aéh ﬂji Rh " Oléhi ﬂj ﬂh +

J Im
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S om R o~ in pohl mo 5 0 okl om " n okl om
Zaéh ﬂj Im ﬂlh 2‘1_;,}7 7eih 7%1 jm 2agh ﬂji 7?1 hm+aghi Rj 731 hm
njk njk jh n Im jh n Im n
T o T bR o T B a0 T ),
- + + + ==
4T N 2IN 4T N 29N IN

This then is the final form of the stress-energy equation in the first-order formalism. How does it differ
from the first version of the equation which we wrote down above? The matter stress-energy tensor has
been decomposed into a metric-based part and a series of terms bilinear in the torsion and the matter
spin tensor. The gravitational part of the field equations is unaffected.

Connection to Part Ill project|This equation is the stress-energy equation
which should give rise to some of the cosmologi-
cal perturbation equations. Remember that we
can neglect the spin tensor, that the field
strength tensors have only Roman indices, and
that Greek indices are provided by the matter
stress-energy tensor and the (inverse) transla-
tional gauge field wherever it appears. The
factor of caligraphic ] multiplied by caligraphic
N is intended to mean the determinant of the
translational gauge field, I've just written it out
in 3+1 notation. I'd recommend contracting
this equation with the tetrad to produce two
raised Greek indices, and then extracting the
symmetric part (the Einstein equations) and
the antisymmetric part (which you should
prove is merely an identity, with the help of
the spin equation later on).

We also construct a replacement rule to convert the torsionless stress-energy tensor into gravitational
variables, i.e. torsion, Riemann-Cartan curvature and multiplier fields, according to this stress-energy
equation.

*»+ MakeQuotientRule: canonicalised expression with tensor substituted by rule:

0

The spin tensor

Having studied the general stress-energy equation, we turn to the spin-torsion equation. The spin
tensor is defined in Eq. (3.21) on p. 48 of Blagojevic.

Once again, in terms of the generalised momenta and the gauge fields, the left hand side of the spin
equation as expressed in the second line of Eq. (3.24b) on page 50 of Blagojevi¢ is as follows.
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L I . ATELC TN L A S N A
ij "l i ol jx iylm i x jytm (29)

In

h

Tz A" B Boby, ~ B K™ 0T+ Tia

In ,mx ,ya
ijlm ijly nh h axbmu

ijmy
We now impose the restriction on the coupling constants to go over to the most general case studied,
and then we expand the projection operators and the generalised momenta. We subtract the right
hand side, i.e. the matter spin tensor, to form the spin equation.

o
ij

" an 1 a' o an | o' 2 an
+2aéh Ron Tai —2aéh Rt Toi *MeCh Ty -

IN

2a. h
5

an
a'il Q

| a' " an l a' " n l aa'
Rei Tnj +2agh ﬂiu'l Tuj +2°’g hj Ru'u T, -
" n | a a' " n l a q' " n | aa' 2 ,n Q
20‘5/71 Ren Ta —Zaéhj R T, +20!éhi Rt Tg ~MeC b7 T+
Mol h" T° -2 1™ R' 70 +2a 4" R TV 424 K" R T - G0
R ja 5 ajl ia' 5 jal ia' 5 ail ja'
o an l Q' “oan | "oan L, aq |
20" R TV +20 8" 1 (queu,")-zaéh h (que )_

a'jl

231é K" h (DR )*2‘9‘5 K" he (Do )-23:é B n (DeR, )+

|
ia'l ja'l ail

“oaa' | ' aa' o | AT T U L\ L
20, p, (0« 7eujl)+2<yzé " on, (1)[,'7?101)—20::.3 K n' (Do R) )=
This time we do not need to further decompose the matter sources, and so this constitutes the final

form of the spin equations in the first-order formalism.

Connection to Part lll project |This is the spin equation, from which additional
cosmological perturbation equations can be
derived. You recall that the spin equation is
obtained by taking variational derivatives of
the action with respect to the rotational gauge
field. Hence, the indices of the equation are
precisely those of the rotational gauge field
itself. That means that you can go ahead and
decompose this equation just as you did the
rotational gauge field, and the torsion tensor
example | gave you earlier. Remember that the
spin tensor itself can be set to zero.

Stress-energy conservation

We now have both sets of field equations at our disposal, with reference to their respective source
currents. It would be helpful at this stage to verify the second conservation law from Eq. (3.23) p. 49 in
Blagojevic.
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1 :
- pov R =TT - A

] n h n
m T bm T1+bmanrh (31)

lg hn

Substitution of the field equations into this expression, which refers to the sources only, causes it to
vanish. The calculation is computationally quite expensive, so we will omit it here.

Spin conservation

Equally, it is important to verify the second conservation law from Eq. (3.23) page 49 in Blagojevic.

First term in the putatively vanishing expression.

-b, T(D)" + by, r(A)”j (32)
Second term in the putatively vanishing expression.

~A O - A, O+ (33)

Once again, by substituting for the source currents on the field equation shell, we expect these terms to
cancel, but the calculation itself is omitted for brevity.

Irreducible decomposition of spin equations

Assuming that the field equations have thus been correctly obtained, we find it important to decom-
pose them into their irreducible parts under the actions of the Lorentz group.

The largest and most cumbersome part of the spin equation, the tensor part with 16 degrees of
freedom.

w au u aw w a'ua u awa 5 R goa
- + + - + +-a
3TN 39N 3TN 3TN 3TN 3 s v oE e
4 2 A '
_ r i aa _ _ r i aa |, r i aa _ a ar
a56u Ruwlrru a6 RUQITQ 20 Rwu'i(ra 3a5Ru wa T u+
f&Ru Tur - M 26r 7—0 _ aRru' 7—0 +EaRur 7-0 +
3 5w ua a Pl w w3 5 wa u 3 5w o ua
z&ér Rl TQQ——aér RI Tua'_'_EM 26r 7—0 +_aRru 7—0 _
3 5 W " aal u w a' ai 3 Pl u wa 3 g ua wa
2/\ q A '
- a'r a _ - I i a a I i a a a ra
as 73“ a Twu s @ 7euul T + as 6u RQ'QI Tw +3a5 ?n wa Tu
4. 2 4, 4, (34)
_ Q ra, _ 2 r _ [o} roa _ Q roa
aé Rw aa Tu + 2 M Tuw aé ﬂu ua Tw +3aé Ru aq TLU +
E& R ° TFr_Zq Ru' T LM 27-r _Ea R T n+3a R J e_
3 50 wa u 5w aa u Pl uw 50 a uw 3 5 aa uw
2 a
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- Q. Rm‘ T : +§ é\( h ’ <D° ﬂmluu') = B : (DQ Rm‘wu') _2 &5 hwu (DQ Ruu‘ro') i
a n’ (DuR,",) 5 @ A (DR, )-Za 6, # (Dum,,)s

w !
ua 3

uai

The simplest vector part of the spin equation, with four degrees of freedom.

b°°' ag.
" e R 20 R VLM T 4
= o' wl a = wa'l a wa
IN > > (35)

" | a a " | a a " aa I
zaé Rau‘l Tw —2(15 Ru'al Tw +4agh (Dnlﬂ

awl

)-4&5 i (De R, )==0

wal

The other simplest axial vector part of the spin equation, also with four degrees of freedom.

ao' ru
b Echru UQ' . ruw aa 2 aa'r
-— +8a. Ech,uw R T, ~Me eyfm,r T -
IN > (36)
" Uw 00t " uw aa'r " ao' row)__
4 aé e-ycarw Ru' u T +4 aé Eycurw R a'u T -8 aé Eycuuw h (DQ' R r ) =0
Here is a quick reminder of our irrep conventions for the torsion.
E i 3 i :_l o E i ey"™ g 37
3]"7-ns_3]'-7-5n_36527‘n+36n?7-5+ nsagv- ( )

And we also want to see what the teleparallel Lagrangian looks like, this is the double-bar T symbol
which must be multiplied by the measure and half the Planck mass, with a positive sign (see eq. (15) in
arXiv:2006.03581).

ijk

4 4 i 2 . 3 i
- ]'-r].‘i'h Yt == W‘ih' Y == ?7-i T+ = :?T‘i s/ (38)
9 VY 9 "W 3 2

We will also take a look at our irrep conventions for the spin tensor.

h m
’.oa" (39)
2 2 1 1
- 15" = 15" -= 6" 2g,+= 6" 2g,- €V " 35° (40)
3 [ 3 )l 3 ) 3 | ) ya

Some care has to be taken when understanding how the vector and axial vector parts of the torsion
couple to the respective parts of the spin tensor. The reason for this is that the spin tensor is con-
structed, as per the discussion above, with two Lorentz indices, and so in the stress-energy field equa-
tion there is a possible factor of two that can go missing unless the indices are kept carefully tracked.
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When we go over to the GeoHiGGS second-order formulation in the next part of the script, all appear-
ances of the translational gauge field and its inverse are simply replaced by the Kroneker symbol. This
is safe in the gravity sector of the theory, but not in the matter coupling.

Now we assume that every instance of an epsilon tensor appears with lowered Greek indices in the
second-order formalism, so that it is safe to consider this equal to the original epsilon (with Roman
indices assumed) with all indices contracted with translational (not inverse) gauge fields.

bed S e S =yq S S e S g S
{HoldPattern[Ey%]:e Module[{xAct HiGGS " Private " Zz9$13769, xAct” HiGGS " Private Zz9$13770,

xAct” HiGGS" Private Zz9$13771, xAct” HiGGS " Private Zz9$13772},
xAct' HiGGS " Private " Zz9$13769a bXAct‘ HiGGS" Private ' Zz9$13770b (41)

b

bect‘ HiGGS " Private " Zz9$13771¢ bect‘ HiGGS" Private " Zz9$13772d €y
xAct” HiGGS " Private* Zz9$13769xAct " HiGGS " Private* Zz9

Note that the above output is a rule to be used internally by the script, not a mathematical expression.
We will occasionally display such rules below as we define them.

Moreover, Greek-index curved-metric tensors will always appear so as to satisfy the following rules,
where we use the flat-space metric of HiGGS as a temporary abuse of notation.

{HoldPattern[bizg bim]:_) Module[{}, V”],HoldPattern[bi=m bg]» Module[{}, y } (42)

{HoldPattern[hi:g him]:e Module[{}, V’”‘],HoldPattern[}zi:m hj-g]:» Module[{}, v } (43)

Here is the part of the Lagrangian in which the torsion is coupled to spin.

1 m z i je m' s j ie m' s ir e s 44
PR AU A AR R A A (44)

Here is the expression expanded according to the above rules.

4 ] 1
—5 b A" AP 1ejm: W-imp"'g 3

ejm'r

hjm hm'p :?O_r %Timp"'
(45)

4 ] 1 3
gbel Wt Yol & i 3 r 2, ?Ti_i v 30, T

The factors of the translational gauge field which appear here will be needed when we reconstruct the
effective second-order theory at the end of the script, but this process will not be made explicit. More-
over, we note that it is better to assume a very general form for the matter spin tensor, such that the
specific couplings between different fermion currents and the torsion are basically obscured.



